In this article, the linearization problem of fifth-order ordinary differential equation is presented by using the generalized Sundman transformation. The necessary and sufficient conditions which allow the nonlinear fifth-order ordinary differential equation to be transformed to the simplest linear equation are found. There is only one case in the part of sufficient conditions which is surprisingly less than the number of cases in the same part for order 2, 3, and 4. Moreover, the derivations of the explicit forms for the linearizing transformation are exhibited. Examples for the main results are included.
Introduction
Nonlinear problems are of interest to engineers, physicists, mathematicians and many other scientists since most equations are inherently nonlinear in nature. Although linear ordinary differential equations can be solved by a large number of methods but this situation does not hold for nonlinear equations. One common method to solve nonlinear ordinary differential equations is to change their unknowns by suitable variables so as to get linear ordinary differential equations.
The main tools used to solve the linearization problem are transformations such as point, contact, tangent, and generalized Sundman transformations.
It was recognized that Lie [1] is the first person who solved linearization problem for ordinary differential equations in 1883. He discovered the linearization of second-order ordinary differential equations by point transformations. Later, Liouville [2] and Tresse [3] attacked the equivalence problems for second-order ordinary differential equations via group of point transformations. Moreover, Cartan [4] approached the second-order ordinary differential equations by geometric structure of a certain form.
Mahomed and Leach [5] indicated that the th-order ( > 3) linear ordinary differential equation has exactly one of + 1, + 2, or + 4 point symmetries. They suggested that the necessary and sufficient conditions for the th-order ( ≥ 3) to be linearizable by a point transformation must admit the dimensional Abelian algebra.
The linearization problem of third-order ordinary differential equations under point transformations was solved by Bocharov et al. [6] , Grebot [7] , and Ibragimov and Meleshko [8] . Fourth-order ordinary differential equation was studied by Ibragimov et al. [9] . They found the necessary and sufficient conditions for a complete linearization problem. The linearization problem of a fifth-order ordinary differential equation with respect to fiber preserving transformations was considered by Suksern and Pinyo [10] .
In the series of articles [8, [11] [12] [13] [14] the linearization problem of a third-order ordinary differential equation via the contact transformations was solved. For a fourth-order ordinary differential equation, this problem was studied in [15, 16] . The criteria of the linearization problem of fifth-order ordinary differential equations were discovered by Suksern [17] .
The linearization problems of third-order and fourthorder ordinary differential equations by the tangent transformations are examined in [18, 19] . These are the first application of tangent (essentially) transformations to the linearization problems of third-order and fourth-order ordinary 2 International Journal of Differential Equations differential equations. Necessary and sufficient conditions for third-order and fourth-order ordinary differential equations to be linearizable are obtained there.
Sundman introduced the generalized Sundman transformations in 1992. Later on Duarte et al. [20] applied this method to transform second-order ordinary differential equations into free particle equations. In addition, Muriel and Romero [21] characterized the equations that can be linearized by means of generalized Sundman transformations in terms of first integral. A new characterization of linearizable equations in terms of the coefficients of ordinary differential equation and one auxiliary function was given by Mustafa et al. [22] . Moreover, Nakpim and Meleshko [23] pointed out that the solution given by Duarte et al. using the Laguerre form is not complete.
For the third-order ordinary differential equations, the linearization by the generalized Sundman transformation was investigated by [24] for the form ( ) = 0 and [25] for the Laguerre form. Some applications of the generalized Sundman transformation to ordinary differential equations can be found in [26] . More information of the generalized Sundman transformation are collected in the book [27] .
The linearization problem of a fourth-order ordinary differential equation with respect to generalized Sundman transformations was studied in [28] . They found the necessary and sufficient conditions which allow the fourthorder ordinary differential equation to be transformed to the simplest linear equation.
In this article, we intend to use the generalized Sundman transformations to linearize the fifth-order ordinary differential equations in some particular cases. We use computer algebra system Reduce to compute the necessary and sufficient conditions of the linearization. We provide some examples to illustrate the conditions that we have found and also obtain the linearizing transformations.
Necessary Conditions
We now concentrate on finding the fifth-order ordinary differential equations
which can be transformed to the linear equation
under the generalized Sundman transformation
It turns out that those equations must be in the form of the following theorem. Proof. By a generalized Sundman transformation (3), we have
+ (3 − 4 )
) ,
, (5) ) , 
Denoting , , , , and as (A.1)-(A.18), we obtain the necessary form (4). This proves the theorem.
Sufficient Conditions and Linearizing Transformation
To get the sufficient conditions, we consider (A.1)-(A.18) appearing in the previous section. After using the compatibility theory to those equations, we derive the following results. ⋅ 1 4 )) (65569996800 
and (A.19), (A.20), (A.21), (A.22), (A.23), (A.24), (A.25) (moved to the appendix in order to avoid the huge expressions), where
Proof. We start with the coefficients , , , , and in Theorem 1 through the unknown functions and . From (A.1) and (A.2), we have the derivatives
From (A.4), one obtains the derivative
International Journal of Differential Equations 5 where
From (A.5), one gets the derivative
where
From (A.6), one finds the derivative
From (A.3), one obtains the derivative
We note that, for the case = 0, the generalized Sundman transformations are indeed the point transformations. We then suppose ̸ = 0, which also implies 4 ̸ = 0. The relations ( ) = and ( ) = provide condition (7) and the derivative
The relation ( ) = gives the derivative 
From (A.8), we have
The relations ( ) = and ( ) = provide conditions (8) 
, we obtain conditions (13)- (16) . Substituting the relation 5 into 5 , one obtains condition (A.25). Comparing the mixed derivative ( ) = ( ) , one arrives at condition (17) . From (A.7), one obtains condition (18) . This proves the theorem. (2) can be solved by the compatible system of (20) , (28) , (30) , and (35).
Corollary 3. Under the sufficient conditions in Theorem 2, the transformation (3) mapping equation (4) to a linear equation
Remark 4. In the part of sufficient conditions for secondorder, there are 2 cases in [20] and 3 cases in [23] . For the third-order, there are 3 cases in [24] and 4 cases in [25] . For the fourth-order, there are 2 cases in [28] . But for the fifthorder there is only one case.
Examples
Example 1. For the fifth-order ordinary differential equation 
we can verify that this equation cannot be linearized by a point transformation [10] or contact transformation [17] . However, (37) is in fact the form (4) 
Moreover, these coefficients also satisfy the conditions in Theorem 2. We now conclude that (37) is linearizable by a generalized Sundman transformation. Corollary 3 yields the linearizing transformation by solving the following equations:
= ,
= 0,
Considering (40), one arrives at
Considering (41), one obtains
From (43) and (44), one can choose 1 ( ) = 1 and 2 ( ) = ; then we have
Considering (39), one gets
Considering (42), one arrives at
From (46) and (47), one can choose 3 ( ) = 1, 4 ( ) = 0, and
So the linearizing transformation is
Hence, by (49), (37) becomes
The general solution of (50) is 
we can verify that this equation cannot be linearized by a point transformation [10] or contact transformation [17] . However, (54) 
Moreover, these coefficients also satisfy the conditions in Theorem 2. We now conclude that (54) is linearizable by a generalized Sundman transformation. Corollary 3 yields the linearizing transformation by solving the following equations:
Considering (57), one arrives at
Considering (58), one obtains
From (60) and (61), one can choose 1 ( ) = 1 and 2 ( ) = 2 ; then we obtain
Equation (59) becomes
and by Cauchy method, one arrives at 
Hence, by (65), (54) becomes
The general solution of (66) is
where 1 , 2 , 3 , 4 , and 5 are arbitrary constants. Substituting (65) into (67), the general solution of (54) is
where the function = ( ) is a solution of the equation
Appendix
Equations for Theorem 1 in Section 2 + 654609600 5 6 + 600371360 5 8 + 24367472640000 4 5 + 3398088960000 − 620928000 6 4 5 + 277200 6 4 8 + 372556800 7 4 
